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Symmetric functions: notations and overview

Hall-Littlewood polynomial

Let A - n. Hall-Littlewood polynomial:

m(i)l—t Xj — tx;
Pa(x, ... xni t) = HHl_tj 2.0 XlAl"'Xr;\"Hﬁ

i>0 j=1 o€S, i<j
When t =1,
Pa(x1, -y Xm 1) = sx(x1, ..., Xxn)

— Schur symmetric functions.



Symmetric functions: notations and overview

Generalizations

Schur symmetric functions

sx(x)
1
Hall-Littlewood polynomials

Py (t;x)
v N\

Macdonald polynomials Py (t,q;x) Px(a1,a2,...;b1,b2,...;x)

00 .

1—tq'
gn=11 1_qi’P(n)(q, tix) = Puwlad,...itqtq,...;x)




Symmetric functions: notations and overview

Topics to discuss

—Vertex operators presentations of symmetric functions sy imply
properties of Py(a1, az,...; b1, by, ...), of Hall-Littlewood
polynomials Py(t; x) in particular.

— simple proofs of generalized Cauchy identities decompositions.
— action of charged free fermions on

/\®(C[31, a,...b1, by, .. ] ®(C[Z,Z_1]

and examples of solutions of KP hierarchy in this ring.



Symmetric functions: notations and overview

Notations

The ring of symmetric functions A = A[xq, x2, . . .

Complete symmetric functions h, = s

he(x1,%2...) = Z Xy« - -

1< <-<ip<oo

Elementary symmetric functions e, = s(1r)

er(x1,x2...) = Z Xy oo

1< <-+<ir<oo

Power sums: pr(x1, x2,...) = 3 xk.

e

e



Symmetric functions: notations and overview

Generators and scalar product in A

A= (C[hl,hg,...] = C[el,eg,...] = (C[pl,pg,...].
A has a natural scalar product, where
< S\, Sy >= 5>\:M'

Then for the operator of multiplication by f € A one can define the
adjoint operator f* by the standard rule:

< ng, w>=<g,fw >

with f,g,w € A .



Symmetric functions: notations and overview

Generating functions
Define formal distributions of operators acting on A

Hw) =" % ()= .

k>0 k>0

Et(u) = > efut, HY(u)= > hitu®.

k>0 k>0




Symmetric functions: notations and overview

Generating functions
Define formal distributions of operators acting on A

Hw) =" % ()= .

k>0 k>0

Et(u) = > efut, HY(u)= > hitu®.

k>0 k>0

Note that

H(u) = exp (Z I;"uln) , E(u)=-exp (—Z (—lgnp,, uln) :

n>1




Symmetric functions: notations and overview

Commutation relations
Note H(u)E(—u) = 1.
(1 - 5) EL()E(v) = E(v)E*(u),

(1 - ‘V’) H- () H(v) = H(v)H(u),
H () E(v) = (1 + 5) E(v)H (u),
EL(u)H(v) = (1 + 5) H(v)EL(u).

— as series expansions in powers of uXv=" for k,m > 0.



Symmetric functions: notations and overview

Charged free fermions acting on symmetric functions
One defines boson Fock space B = @ mezB(M,
B(m) =z"-Clp1,p2,...]=2"-A

Define
OF(u) =Y du
k

by

O (W)l = 20~ ™ H(u) E- (—u),
O~ (W)l = 271U E(—u)H (u).

Then vertex operators ®*(u) provide the action of algebra of
charged free fermions on the boson Fock space.



Symmetric functions: notations and overview

dFOF + dFdF =0,
PLP; + D DL = 0.

Cbi(u)cbi(v)—i—cbi(v)d) (u) =0,
OF (1) (v) + & (v)O T (u) = d(u, v).

KoL o
Here d(u, v) = > xez virr is formal delta distribution.



Symmetric functions: notations and overview

Vertex operator presentation of Schur functions
One has:
O () ... 0 (u) (1) = 2'uy 0T Q(uns -, 1)),

where

. /
Q(ul,...,ul): H (1—5}) I:[H(U,)

1<i<j<l

[N.Jing 1991] Consider the series expansion of the rational function

Qut,...,uy) = Z QAqul...uf)"

(A1, \))EZ!

in the region |u1| < --- < |y . For any partition A = (A1,..., )
the coefficient of ul_)‘1 e u,_)" is exactly Schur symmetric function:

Qx = sy



Generalized vertex operators

Generalized vertex operators

Consider two collections of parameters (a1, ap, ..., ) and

(bl,bg,...,). Set
a(x) = H(l — ajx) b(x) = H(l — xb;).

i i

0=11#(5)11E(5)
=HE<;”>HH(§,.>-

Set

Then



Generalized vertex operators

Define generalized vertex operators
M(u) = T(u)E* (~u), T (u) = T H(u)H"(u).

These are formal distributions with coefficients — operators acting
on A®@ Q(a1,az,...b1,ba,...). Then

+(u +(u _ a(u;/uj) I u

Similarly, one can prove that

_ . 2/ w) Yy,
M (v1)...T7 (w)(1) Hb(- .)HT (up).




Generalized vertex operators

For a = (a1,...,q;) € Z! define
TaE/\®Q(31,32,...;b1,b2,...)

as coefficients of the expansion

T(Ul, ceey U/) = H W 1:[1 T(Ui) = Z Taua,

in the region |u1| < |ua|--- < |yj| . Thus,

T, = rgl...rg,(l)



Generalized vertex operators

Example. Let a(x) =1 — x, b(x) =1 — tx. Then

T(u,....ou)= ] ‘“’HHu, (—ui/t).
=1

1<I<j</ uit
When a = (aq,...,qy) is a partition, the coefficient T, of
upt ... u" coincides with a Hall-Littlewood symmetric function

[N. Jing 1992].

(Schur functions case: a(x) =1 —x, b(x) = 1).



Generalized vertex operators

Example. Suppose all non-zero parameters (ai, ..., ay) are
different, and there is the same number of non-zero parameters
(bl, SN bM). Then

n

M
ayXj — brX'
Ts(Xl,... ZZX, 1—bk/ak) H ¥
i=1 k=1 (n./)#(k:’)

agXj — arXj




Generalized vertex operators

To = To(a1,a2,...; b1, by, ...) are defined through symmetric
functions. We can use known properties of symmetric functions to
prove properties of T,.

Example. Stability property of T, easily follows from stability
property of symmetric functions.

Example. Familiar commutation relations of vertex operators in
special cases.



Generalized vertex operators

Familiar commutation relations in special cases

Example Let a(x) =1 — x, and b(x) — any polynomial.
Then vertex operators ['*(u) satisfy the commutation relations
that generalize charged free fermions relations:

wb(u/w)T=(u)r = (w) + ub(w/u)*(w)I*(v) =0,
M

b(w/u)r~ (u)F T (w) + b(u/w)IH(w)l~(u) = H(l - b,-)26(u, w) - Id.
i=1



Generalized vertex operators

Example
If b(x) and a(x) satisfy condition (1 — x)b(x) = (1 — xt)a(x), then
*(u) satisfy commutation relations of twisted fermions.

(Hall-Littlewood case is a(x) = (1 — x), b(x) = (1 — xt))



Orthogonality

Orthogonality - Cauchy identities

Notation: u(X) = u(xi,x2...) symmetric function in variables x;'s.

Recall that

H =2 Iy

1-— XiYi A

represents an orthogonality condition on {uy(X)}, {va(X)},



Orthogonality

For example

H oo = ZS)\()_()S)\()_/) = < S\, Sp >= 5)\,,u-
A

Applications: constructions of probability measures on the Young
graph; MacMahon's generating function of random plane
partitions, solving integrable hierarchies, etc.

Generalizations are used to construct important families of
symmetric functions (e.g. Macdonald polynomials).



Orthogonality

We substitute this identity by

] 255) — 5 2yu).

ilC7)

for some
U,\()_() = U)\(al,...,bl,...;X1,X2...),

VA()?) = V)\(al,...,bl,...;Xl,Xg...).



Orthogonality

Recall

HH( )HE( ) %})Tku
:thuk.

k>0

Consider a homomorphism ¢ : A - A® Q(a1, az,...; b1, b2, ...)
defined on the generators of A by

90(1) =1, So(hk) = Tk




Orthogonality

Lemma. The images of power sums and Schur functions under ¢

are
e(pn) = (o — bf) pn

J

(,0(5,\) = det[ T>\i—i+j]'




Orthogonality

Lemma. The images of power sums and Schur functions under ¢

e(pn) = (o — bf) pn

J

are

(,0(5,\) = det[ T>\i—i+j]'

Proposition. Suppose {uy},{vy} - is a pair of orthogonal to each
other bases of A with respect to canonical scalar form on the ring
symmetric functions:

< Uy, vy >= 5)\#.

Then

—18

b(xiyj) _ Z e(ux[x])valyl]-
A

ij=1 a(X"yJ')



Orthogonality

This proposition immediately provides us several decompositions:

ﬁ (ijij =2 ol T mil

where my are monomial symmetric functions.

o

X
11 i) ZZ)\ a,b)"'palxe, x2, ... Ipalya, va. - -,
=1 20aY;)

Here

/
/\(37 b) = 2\ H(a_/?\i - b_j)\f)_lv
i=1

ZA == lel imimi!,
m; is the number of parts of X\ equal to /.



Orthogonality

ﬁ b(xiy;)

= 5)\[x1,x2...]s,\[yl,yg,...],
ij=1 a(xiy;) EA:

where sy — classial Schur symmetric functions, and
Sx = det[p(hy,—i1;(X))] = det[ Ty, —i1;(X)].

Corollary. S,'s are solutions of the KP hierarchy.



Solutions of the KP hierarchy

T-functions of the KP bilinear equation

[M. Sato, M.Jimbo, T. Miwa, E. Date, M.Kashiwara, (...) ]

The KP equation:

éu —8(u3uu1u >
477 T ax Ut 20 4 )

The KP equation in terms of the Hirota derivatives:

(D} +3D3 — 4D, D3)r - 7 = 0.



Solutions of the KP hierarchy

Bilinear form of the KP hierarchy: look for solutions

T =71(p1,P2,P3,---)

of the identity
Q(reT)=0,

where
Q=> o/ 0d,.
keZ

®* — charged free fermions acting on B = A ® C[z,z71].

Schur function sy € A = C[p1, p2,...] - is a solution of KP
hierarchy.



Solutions of the KP hierarchy

Example. Set
o0

2(x) = T](1 ~ a'x)

i=1

[e.e]

b(x) = [[(1 - ta'x)

i=1
to obtain Cauchy identity that corresponds to scalar product in the

definition of Macdonald polynomials.




Solutions of the KP hierarchy

Macdonald polynomials are also eigenfunctions of an operator E.
This E can be wirtten as

no=(t—1)E+1,

where

n(z) = HE —tiz) E+(z Hqu

[B. Feigin, K. Hashizume, A. Hoshino, J. Shiraishi, S. Yanagida
2009], [S.Koshida 2019]



Solutions of the KP hierarchy

Corresponding generalized vertex operators in our picture are

=T (5) () e o

1=

M (u) = ilj)E (;“) H (”) HE (u) .

tq’

appear in [Foda-Wheeler 2009] on generating functions of weighted
plane partitions.



Solutions of the KP hierarchy

Then there is an action of charged free fermions on

N ® Q(g, 1) ® C[z*+].

*(q,t,u) H H(q'u)E(—tq'u)E+ (—u/ti) H+ (u/qti)
“(q,t,u) H E(—q'u)H(tq'u)H* (u/ti) E+ (—u/qti)




Solutions of the KP hierarchy

In this case
1—
7—n = H 1— P(n)(qv t; X)
i=1

where P()(q, t; x) — Macdonald polynomials with A = (n).

Symmetric functions Sy = det[Ty,_;1(X)] are solutions of the
corresponding bilinear identity and the KP hierarchy.




Solutions of the KP hierarchy

Vitaly and Alexander, Happy Birthday!
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