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Introduction

= fusion rule = dimension of the vector space of intertwining
operators between three irreducible modules

= determine fusion rules = determine the exact decomposition of
the tensor product of two modules of vertex algebra into a direct
sum of irreducible representations

= goal: describe fusion rules in the category of weight modules for the
Weyl vertex algebra (confirm Verlinde conjecture by Ridout-Wood)
and relate to results for gl(1]1)



Introduction

= Let V be a conformal vertex algebra with the conformal vector w
and let Y(w,z) =Y, .5 L(n)z="2. We assume that the derivation
in the vertex algebra V is D = L(—1). A weak V-module is a
vector space M endowed with a linear map Yy, from V to the space
of End(M)-valued fields

a— Yuy(a, z)= Z aé\f,’)z_"_l
n€Z
such that:

L Yu(|0), z) = Iu,
2. fora,be V,
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Introduction

= Given three V-modules My, M,, M3, an intertwining operator of

type ( 3
My M,
to the space of Hom(M,, M3)-valued fields such that:
1. forae V, be M, c € Ms, the following Jacobi identity holds:

) isamap /:am l(a,2) =35 a0,z " from M

20_15(21 ; 22) Y, (a, z1) (b, z2)c — 20—15<Z2;221) I(b, z2)Ym,(a, z1)c
0 —29

= 5522 I(Yin (3, 20)b, 2)c,

22

2. for every a € My,
I(L(=1)a,2) = Li(a,2)
b) - dz bl -

Vi)

= I( Ms ) = the space of intertwining operators of type (M1 M

My M,

M
= Ny, =dim (/\/h v 2) = fusion coefficient (when finite).



Introduction

= Let My, My be irreducible V-modules in the category K of
L(0)-diagonalizable modules. Given n irreducible V-modules W;,
i=1,...,nin K, we will say that the fusion rule

M1XM2:2,1:VV,'

holds in K if Nyj' ), =1,i=1,...,n, and Nf ., =0 for any
other irreducible V-module R in K which is not isomorphic to W;,
i=1,....n

Proposition
Let g be an automorphism of the vertex algebra V' satisfying the

conditions
w—g(w) € Im(D), w— g Y(w) e ImD. (1)
Let My, My, M3 be V—modules and I(-,z) an intertwining operator of

Ms o ME
type (M M, ) Then we have an intertwining operator 18 of type (

ME Mg)
such that 18(b, z;) = I(b,z1), for all b € My and NM = NMg e 3



Weyl vertex algebra (

= The Weyl algebra A is an associative algebra with generators
a(n),a"(n) (neZz)
and relations (n, m € Z)
[a(n), a"(m)] = Onymo, [a(n), a(m)] = [a"(m), a"(n)] = O.
= M = simple A-module generated by the cyclic vector 1 s. t.
a(nNl=a"(n+1)1=0 (n>0).
= There is a unique vertex algebra (M, Y, 1) generated by the fields
Y(a(—1)1,z) = a(z) and Y(a*(0)1,z) = a*(2).
= Vertex algebra M admits a family of Virasoro vectors

wy = (1= p)a(=1)a" (1)1 — pa(=2)a"(0)1  (n € C),

so we have given a conformal vertex algebra structure to it.



Weyl vertex algebra

= A module W for the Weyl vertex algebra M is called weight if the
operators 3(0) and L(0) act semisimply on W.

= For every s € Z the Weyl algebra A admits the following
automorphism of A

ps(a(n)) = a(n+s), ps(a*(n)) =a"(n—s).
which can be lifted to an automorphism of the vertex algebra M and
we call it spectral flow automorphism.
= The first Weyl algebra A; is generated by x, 0, with the
commutation relation [Jy, x] = 1.
= For every A € C,
U(\) = x*C[x, x7 Y
has the structure of an A;—module..
= Let ./zl\zo = Cla(n), a*(m) | n,m € Z>o] be a subalgebra of A. Then
U(N) is an ./Zzo—module and we have the induced module for A:

U =Ae; UW)



Proposition (A)
For every A € C\ Z, U(X) is an irreducible weight module for the Weyl
vertex algebra M.

Let IC be the category of weight M—modules such that the operators
B(n), n > 1, act locally nilpotent on each module N in K.

Theorem
Assume that A\, u, A\ + pu € C\ Z. Then we have:

(i) p41(M) X PZZ(M) = P61+Z2(M),

(i) pes (M) X pe (UQN) = pes e, (UN)),

—_— e~ —_~— —~

(i) pe, (UON) X pex(U(R)) = psis(UA+ 1)) + pista1 (U T ).



Sketch of proof

1. Lattice L = Za + Z3, {(a,a) = —(8,5) =1, {«, ) = 0, associated
LVSA V| = M, 5(1) ® C[L], N(0) = M, ()®<C[Z(a+6)]ch,
M c 1(0).

My, (A) My, (1)
algebra MM(0) (Dong-Lepowsky), consider its restriction to M, obtain
another 10 by using first Proposition.

Mn A
2. Intertwining operator of type ( ntn +M)> for the vertex

3. Affine Lie superalgebra gl(1]1), associated vertex algebra V;(gl(1]1))
whose fusion rules are known (Creutzig-Ridout), F Clifford algebra
(bc-system) and U = M ® F. We have (Kac):

Vi(g) =2 U° = KerygrE(0).



Sketch of proof

4.

Theorem
Assume that r € Z, A € C\ Z. Then we have:

(i) SM,(A) is an irreducible M @ F-module,
(i) SM,(X) is a completely reducible Jl\\l)—modu/e:

SM,(\) = EB U(§).e"BHN+Os)ath) ~ EB v

r+%()\+s),f)\fs.
SEZL SEZ
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Theorem
Assume that A1, \o,A\1 + X2 € C\Z, ri,ra,r3 € Z. Then

. S, (As)
dim I(Sﬂrl(/\l)s 53|_|,2(>\2)) <1.

Assume that there is a non-trivial intertwining operator of type
S (X3) ; -

(SI'I,I(M)S SI'I,Z()\z)) in the category of M @ F—modules. Then

MM=M+tXNandr=n-+rn orrn=rn+rmn—1. 10



In our future work we would like to study the following:

= Consider generalized weight modules such that their weight spaces
are all co-dimensional,

= |nclude Whittaker modules into the fusion category

= Extend work to gl(n|m).
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Thank youl!



