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J realization of the Yangian

Definition
The Yangian Y pgq is a unital associative algebra over C generated by the elements
tx, Jpxq |x P gu with the following defining relations:

xy ´ yx “ rx, ys, Jprx, ysq “ rJpxq, ys,

Jpcx` dyq “ cJpxq ` dJpyq,

rJpxq, rJpyq, zss ´ rx, rJpyq, Jpzqss “
ÿ

λ,µ,νPΛ

xrx, xλs, rry, xµs, rz, xν ssytxλ, xµ, xνu,

rrJpxq, Jpyqs, rz, Jpwqss ` rrJpzq, Jpwqs, rx, Jpyqss “
ÿ

λ,µ,νPΛ

pxrx, xλs, rry, xµs, rrz, ws, xν ssy ` xrz, xλs, rrw, xµs, rrx, ys, xν ssyq txλ, xµ, Jpxνqu

for all x, y, z, w P g and c, d P C, where x¨, ¨y is a fixed non-degenerate invariant bilinear form
on g, txλuλPΛ is some orthonormal basis of g, tx1, x2, x3u “

1
24

ř

πPS3
xπp1qxπp2qxπp3q for

all x1, x2, x3 P Y pgq.
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Universal R-matrix

Definition
The universal matrix for the Yangian Y pgq is an element

R̂puq “ Id`
ÿ

kě1

R̂pkqu´k P pY pgq b Y pgqqrru´1ss

with the following properties:
1) pId b∆qR̂puq “ R̂12puqR̂13puq;
2) τ0,u∆oppXq “ R̂puq´1pτ0,u∆pXqqR̂puq for all X P Y pgq.
Here τu is an automorphism of Y pgq such that x ÞÑ x, Jpxq ÞÑ Jpxq ` ux
for all x P g and τ0,u “ τ0 b τu.

Proposition
The universal R-matrix is unique.
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RTT realization

Let pρ, V q be any non-trivial representation of Y pgq. Let Rpuq “ pρb ρqR̂p´uq. We
fix a basis of V and regard Rpuq P End pV qb2rru´1ss as a matrix in this basis.

Definition

The Yangian YV pgq is a unital associative algebra generated by the elements
t
prq
ij , 1 ď i, j ď dimV ; r ě 1 with the defining relations

Rpu´ vqT1puqT2pvq “ T2pvqT1puqRpu´ vq in End pV qb2 b YV pgqrru
´1, v´1ss,

S2pT puqq “ T pu`
1

2
cgq,

where SpT puqq “ T puq´1 is the antipode map and cg is the value of the Casimir
element of g on the adjoint representation. Here

T puq “ rtijpuqsi,j“1,...,dimV P EndV b YV pgq,

tijpuq “ δij `
ÿ

r

t
prq
ij u

´r

and T1puq (resp. T2puq) is the image of T puq in the first (resp. second) copy of EndV .
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Isomorphism between J and RTT realization

Theorem (V. Drinfeld, C. Wendlandt)

The map ψ : YV pgq Ñ Y pgq such that

T puq ÞÑ pρb 1qR̂p´uq.

is an isomorphism.

From know we consider V “
Àn

i“1 V pωi, 0q sum of fundamental
representations of Y pgq. Note that the restriction of V pωi, 0q to g
decomposes as

V pωi, 0q “ Vωi ‘
à

µăωi

V ‘kµµ

Here Vµ is the irreducible representation of g of highest weight µ and
µ ă ωi means that ωi ´ µ is a sum of positive roots, kµ P Zě0.
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Definition of Bethe subalgebras

Let ρi : Y pgq Ñ EndV pωi, 0q be the i-th fundamental representation of
Y pgq. Let

πi : V Ñ V pωi, 0q

be the projection. Let T ipuq “ πiT puqπi be the submatrix of
T puq-matrix, corresponding to i-th fundamental representation. Let G̃ be
the simply connected Lie group, corresponding to the Lie algebra g.

Definition

Let C P G̃. Bethe subalgebra BpCq Ă YV pgq is the subalgebra generated
by all Fourier coefficients of the following series with the coefficients in
YV pgq

τipu,Cq “ tr V pωi,0qρipCqT
ipuq, 1 ď i ď n.

Let G be the adjoint Lie group corresponding to the Lie algebra g. In
fact, Bethe subalgebras is parameterized by G.

6 Aleksei Ilin Bethe subalgebras in Yangians



Bethe subalgebras

Let Greg be the set of regular elements of G, T – maximal torus, T reg –
the set of regular elements of torus.

Theorem
1) For any C P Greg Bethe subalgebra BpCq is a free polynomial algebra
and the coefficients of τipu,Cq are free generators of BpCq.
2) For any C P T reg Bethe subalgebra BpCq is a maximal commutative
subalgebra of YV pgq.

Corollary

For any C P T reg Bethe subalgebra BpCq in Y pgq is generated by the
coefficients of

tr V ρpCqpρb 1qR̂puq,

where pρ, V q are all finite-dimensional representation of Y pgq.
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Wonderful compactification of (adjoint) group

Let V be a representation of G̃. This defines the map

GÑ PpEndV q.

If V “ Vλ ‘
À

µăλ V
‘kµ
µ , kmu ě 0 and Vλ is irreducible of regular

highest weight λ, then the closure of the image of G in PpEndV q is a
smooth projective variety called De-Concini - Procesi wonderful
compactification G.
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Bethe subalgebras and the wonderful compactification

We consider the closure of G in
ś

i PpEnd pV pωi, 0qqq. In is known that
it is isomorphic to G.
Suppose that X “ pX1, . . . , Xnq P G Ă

ś

i PpEnd pV pωi, 0qqq. We
define the subalgebra BpXq of YV pgq using the same formulas just
changing ρipCq to Xi:

τipu,Cq “ tr V pωi,0qXiT
ipuq, 1 ď i ď n.
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