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Affine Lie algebra of type Ff)

» g - simple Lie algebra of type F4

O—0=>0—0
a1 Q2 a3 04

> g:n_@h@n_,_
> Ny = ®BaeR, Mo, o = Cxo, @ € Ry

>» g=gxC[t,t '@ CcaCd affine Kac-Moody Lie algebra
of type Ff)

> [x(j1), ()] = X, Y1 U1 + )2) + (X, ¥) j16j,4p.0C, [, x(J)] = O,
[d, x(j)] = jx(j), where x(j) =x @t forx e gand j € Z

> ﬁJr =Ny X (C[t, t_1]

> A, i=0,1,...,4 - fundamental weights



Modules of affine Lie algebra
keN
N(kNg) - generalized Verma module

N(kNo) = U(8) @u(s, ) CVn(kng)

> G =Dpso(s@ ") @ Cce Cd, §- = B, (g ®1") - subalgebras of g

> 1® Vpnkao) = Vi - highest weight vector

> a vertex operator algebra with a vacuum vector vy, with a vertex operator
map

Y(.z): N(kho) — End N(kAo) Hz 2*1]]
X = Yx(-Nww,2) =D xmz ™' =x(2), xeg
meZ

satisfying certain properties and with a conformal vector.

L(kA) - standard (integrable highest weight) §-module
> v, - a highest weight vector of L(k/Ao)
> simple vertex operator algebra
> every level k standard g-module is L(kAg)-module



Principal subspace
> V = N(kNo) or V = L(kAo)

Principal subspace of V

Wy = U(ﬁ+)V




Principal subspace
> V = N(kNo) or V = L(kAo)

Principal subspace of V

Wy = U(ﬁ+)V

Character of the principal subspace

4
ch Wy = Z dim (Wv)—m6+r1a1+...+r4a4qmHyiri

myry,...,14>0 i=1

» (W) _mstraq+..+ra, the weight subspaces of Wy with
respecttoh =h @ Ccp Cd



Motivation
» principal subspaces were first introduced and studied by
Feigin-Stoyanovsky

@ B. Feigin and A. Stoyanovsky, Quasi-particles models for the
representations of Lie algebras and geometry of flag manifold;
arXiv:hep-th/9308079.

» combinatorial bases in x,,(m) - quasi-particle of color i, charge 1 and
energy —m

> energies of basis monomial x,,(mz)x,,(m1) satisfy difference two
condition if me < my — 2

> if gis of type Aﬁ” we have a connection of ch W), i = 0,1 with
Rogers-Ramanujan identities

7
> ch Win) = Yoo taqy, = [lizo rgrmi—ge Where
(@:9) =1IIi(1-4a)

r+r

.
> ch Win) = Yrs0 Garr = izo t=Fmyi=75



Quasi-particles
» Georgiev - constructed combinatorial bases of principal

subspaces of some standard modules of A§1) in terms of
quasi-particles of higher charges

W G. Georgiev, Combinatorial constructions of modules
for infinite-dimensional Lie algebras, I. Principal
subspace, J. Pure Appl. Algebra 112 (1996), 247-286;
arXiv:hep-th/9412054.

> reN,meZ

Quasi-particle of color i, charge r and energy -m

Xro; (M) = E Xo; (M) -+ X, (M)
my,....ME€ZL
my+-+m=m

Xray(2) = Y (Xa, (= 1) VN, X) = D Xpo, (m)z™ "

mezZ


http://arxiv.org/abs/hep-th/9412054

Quasi-particle monomials
> b(ag)b(az)b(az)b(aq)v elements of bases of W\, where

b(aj) = an(1),iai(mr(1)vi) T Xn2,iai(m27i)xn1,i0¢1 (m1,i)

» charge-type (n,m’,-, .. .,n1,,->; 0<n,;<---<my

(1)
r;
> color-type r;; 2521 Npi="r

» dual-charge-type (ri(1)7 @ ,I_(S));

]

S
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Character of Wk,

> relations among quasi-particles: Xp,qa, (M) Xnq, (M), where 1 < i,j < 4
> energies of quasi-particle monomials from basis satisfy difference conditions, which
we write in terms of dual-charge type

Theorem (B., S. Kozi¢)

ch W (kng) = ZH Fri(@)lry%:,,(9) Hyl ,

R i=1
where
R' = (R4 Ry, Ra, RY),
Ry=(r @Y fori=1,2,

L

-—(r1) 2 ..,r(2k)), for i = 3,4,

qz‘;ﬂ ”,“)2
(@9)0_@(aa9)w

Fry(q) = , fori=1,2

qEZk (t

, for i=3,4
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_ sk 0,0

Iy () = G~ ==t
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Iy (@) = @ Ei B (57T,
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Character of Wi,
Theorem (B., S. Kozi¢)

4 4

ch Wangy = D [ Fri@bkrymy, (@ T] 0

R, = i=1
Uq,Uz,U3,Us 20

where

R/u,- = (RLRS’R/Z?,R’Q )»

Ry = (rV,r® ) for i=1,2,

R} = (r,m,r,(z), e ri(zu")), for i = 3,4,

v 2
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(Q) =, fori=1,
Ri (g: q),i(n_ri(z) S
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Character of Wi,

> a0 =n @t 'C[t]

Isomorphism of n$°-modules

Theorem (B., S. Kozi¢)

ocr, (@ Qe

2
qz?:i pore 'ym =1 ’1“)’2“) 2 n
_ i
= X > 17
ITi= (Q),/m,,/gz) R

2r@>.20
i>r)>20

2 _
qZ?:s iz ’fm Xzt ’3“)’1!)*2:21 ’2“)(’;2' ‘)+";(;2”) 4
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N,
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2P 20
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where (o; Q)oe = (QY5"; Qoo -+ (QYS*: @)oo, fOr & = 314 @jay;.

» generalization of the theorem of Euler and Cauchy:
1 o0

VD

qry”
(@)m(yYq)m

m=0



Thank you!
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